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Random Vibrations of a Myklestad Beam
Y. K. LIN*

University of Illinois, Urbana, III.

The stationary solution is obtained for the response of a Myklestad beam under stationary
random excitations. The term response here refers to either deflection, slope, moment, or
shear at different stations along the beam, and the solution is given in terms of power spec-
trums and cross-power spectrums. Both structural damping and viscous damping are con-
sidered. Since the transfer matrix technique is employed in the formulation, the general
method developed can be extended to various types of structures whose transfer matrices are
known.

Introduction

THIS paper presents a solution for the stationary random
vibration of a Myklestad beam under the excitations of

stationary random forces. The random forcing functions
are specified in terms of their power spectrums and cross-
power spectrums.

The Myklestad beam, as shown in Fig. 1, consists of piece-
wise uniform massless segments joined by concentrated
masses. Although Fig. 1 depicts a beam of a cantilever
type, it will be clear in the following analysis that other
boundary conditions can be treated in an analogous manner.
Such a structural model is a convenient approximation for a
beam with nonuniform cross sections such as is frequently
encountered in the flight vehicle structures.

The random forces are assumed to be perpendicular to the
axis of the beam and concentrated at the concentrated
masses. These random forces may approximate a distributed
load, random in both time and space. The analysis can
easily be modified for other types of excitations, for ex-
ample, for random moments or for both random vertical forces
and moments. However, in order to be more specific and
brief, the present formulation will be for a cantilever beam
and for vertical excitations.

The analysis of a Myklestad beam can best be carried out
using the method of transfer matrices.1 Therefore, a brief
account will first be given on the transfer matrices applicable
to the present problem. Then the power spectrums and
cross-power spectrums of the stationary response will be ob-
tained in terms of those of the exciting forces and the ele-
ments of the transfer matrices.
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Transfer Matrices

In a beam problem, a transfer matrix relates the defection
Wj slope 0, moment M, and shear V at a station of the beam
to those at another station. Consider a typical segment of
the beam from the right of station j-\ to the left of station j,
as shown in Fig. 2. It can be shown by use of elementary
strength of materials techniques that the state vector (w, </>,
Mj V) on the left of station j is related to that on the right of
station j-l as follows:

M

V

1

0 1

0 0

0 0 1

(1)

M

V
The square matrix in Eq. (1) is known as a field transfer-
matrix. In a dynamic problem, where the motion is simple
harmonic motion, each element in a state vector {w, <£, M, V}
denotes a complex amplitude. The structural damping in
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Fig. 1 A loaded Myklestad beam.
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Fig. 2 Deformation of a typical segment in a Myklestad
beam.

this segment can be accounted for by modifying the field
transfer matrix as follows:

of the random response at two arbitrary stations. When the
two stations coincide, the cross-power spectrum reduces to
the power spectrum. It is well known that the autocorrela-
tion function and the cross-correlation function are Fourier
transforms of the power spectrum and the cross-power spec-
trum, respectively.

Let 5,-(co, T) be the truncated Fourier transform of the
response at station.;:

(7)

The cross-power spectrum may be defined as follows:

(co, T)/T] (8)

where the asterisk denotes the complex conjugate, and the
S}rmbol E[ ] indicates the stochastic average or mathemati-
cal expection.

Now the truncated Fourier transform of the response is
related to the truncated Fourier transforms of the forcing

Fy =
0 1

0 0
0 0

(2)

where i = ( —1)1/2 and a/ is the structural damping factor.
It is seen that matrix F is independent of the frequency of
vibration. This is because the beam segment considered is
assumed to be massless. Denoting Z = (wy 4>, M, V), Eq.
(1) may be abbreviated

Z L _ T? 7 R C2\j — Xj LJ-IK (6)

The relation between ZJR and Zf may be obtained by re-
ferring to Fig. 3. If the frequency of vibration is o>, then
the inertia force nijWj = —uPnijWj and the viscous damping
force CjWj = iuCjWj. Write

processes as follows:

Zy« = GyZyL + Ly

It is clear that

Gy =

1
0
0

__—m ?co2 + iCjC

0 0 0 "
1 0 0
0 1 0
0 0 1

(4)

(5)

and, when the excitation is just a vertical harmonic force
Pj exp(i(t)t)j the column

0
0
0

-Pi (6)

The matrix Gy is generally known as a point transfer matrix.
It is interesting to note that both matrices F,- and G?- are

symmetrical with respect to its cross diagonal, typical of
transfer matrices in one-dimensional structures.

Power Spectrums and Cross-Power Spectrums
of the Response

Depending upon the nature of a practical problem, the
quantity of interest may be either a deflection, a slope, a
moment, or a shear at one or several locations of the beam.
Referring the desired quantity R as the response of the beam
under random excitation, the statistical solution to the prob-
lem is often expressed in terms of the cross-power spectrum

o, T) =
k=l

, T) (9)

where Hjk(u>) is the complex response amplitude at station
j due to a unit harmonic excitation of frequency co at station
k. This function is generally known as a frequency response
function or transfer function. Substitution of Eq. (9) into
Eq. (8) results in

E E
1=1 8=1

(10)

where $p^ps is the cross-power spectrum of the random forces
at stations I and s.

Equation (10) shows how the response statistics are re-
lated to the characteristics of the structure and the statistics
of the random forces; the former are represented by the H
functions and the latter by the Qpips functions.

Determination of H Functions

The frequency response function HJI(CO) can be computed
from the transfer matrices F and G defined in Eqs. (2) and
(5). To illustrate, letj be the station on the right of massy
and consider the following cases: 1) I > j; 2) I < j; and 3)

Fig. 3 Force system
at joint j; inertia
and damping forces
denoted by dotted

lines.
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I = j. Let iTm denote a 4 X 4 matrix obtained from the
chain multiplication

With only one exciting force Pi = exp(icot), there exists the
relation

0
0

o
M

LI+I

0
0
0

-1
(12)

The boundary conditions Mn
R = Vn

R = WO
R = fa1* = 0 have

been inserted in Eq. (12). Now
0

0

M

V
(13)

can be extracted from Eq. (12), where tjk represents the
(jj k) element taken from the indicated T matrix [the indices
at the lower corners of the matrix signify which T matrix
constructed according to the chain rule of Eq. (11)]. Solving
for{M,7}0*,

M

V
In case 1,1 > j, there is also the relation

w

M
V

Substituting Eq. (14) into Eq. (15)

(14)

0
0
M
V

R

0 i

~ti3 tu~

^23 ^24

^33 ^34

J48 ^44-

( M

I v
I

(15)

M
V

^23 ^24

£33 ^34
(16)

for I > j. This equation gives the deflection, slope, moment,
and shear on the right of station j due to a unit sinusoidal
excitation at station I. By definition, these are the HH func-
tions, each of which corresponds to one type of response being
considered.

In case 2 ,1 <j, Eq. (15) must be replaced b}^

w
<t>
M
V

o
o

M
v

LZ+I

0
0
0

-1
-(17)

Thus,
w

M
V

£33
Lfo *44-

l+l

for Z < j (18)

1+1
Finally, it can easily be seen that the validity of Eq. (18)

can be extended to case 3,1 = j, if the matrix ,-T,-+i is replaced
by an identity matrix, t Once the frequency response func-
tions are known, the cross-power spectrum of the response
at any two stations is readily obtained from Eq. (10).

Power Spectrums of the Response
at Critical Locations

Although the method outlined in the foregoing paragraphs
permits the evaluation of cross-power spectrum for any of
the four types of response at any two stations, the general
procedure may be quite tedious when the number of segments
in a Myklestad beam is large. In many practical problems,
however, it may be only necessary to determine the response
at certain critical locations. For example, for a cantilever
beam such as the one being discussed, it may be sufficient to
know the statistics of the random moment and shear at the
clamped support and/or of the random deflection and slope
at the free end. One of the random quantities just mentioned
may be the controlling factor in a design problem. As it
often happens, the power spectrums of the response at such
critical locations can be more simply obtained without fol-
lowing the general procedure.

Let it be required to compute the power spectrums of the
moment and the shear at the clamped support {M, 7}oB,
under the excitations of random forces PI®, -Pa®, • • . ,
Pn®. Since excitations are present at all stations 1, 2, . . . n,
the following relation may be written for the truncated
Fourier transforms of the random functions in question:

w 0
0

M
V

R
n

+ 2 «Tz+l,-,
o

0
0
0

-Pi
(19)

where a bar denotes a truncated Fourier transformation as
defined in Eq. (7), and it is understood that «Tn+i = I.
Equation (19) may be separated into two parts as follows:

(20)

(21)

Let n denote the column [Pi, P2, . . . , Pn} and let S be a
2 X n matrix formed by the columns

( £34 )

£44 ) 1+1
i.e.,

S -
n £44

Then Eq. (20) can be rewritten as follows:

( M R RBB

7
sn

(22)

(23)

The matrix of cross-power spectrums of {M, V\0
R follows

from the application of Eq. (8):

"<S3

where a prime denotes a matrix transposition, and 4^ is the
matrix of cross-power spectrums of the random forces, i.e.,

(25)

t This is analogous to 0! = 1.
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The diagonal elements on the left-hand side of Eq. (24) are
the required power-spectrums of M and V at the clamped sup-
port, and the nondiagonal elements are their cross-power
spectrumsl which, however, have no physical significance in
the present problem.

If the power spectrums of the deflection and slope at the
free end are also required, Eq. (23) can be substituted into
Eq. (21) to give

;i£24 Jl n!

where

V -

is a 2 X n matrix formed by the columns n{tu,
(26) leads to

r&ww
L&tw

s n - v n (26)

(27)

Eq.

&<M>

(S - V)€>n(S* - V*)

£44

—if r~^ * / *T
tlS ^14

/ * i *1 nL^S ^24 Jl

(28)

J Note that &MV =

Concluding Remarks

The Myklestad representation of a nonuniform beam has
been used widely in the analysis of aircraft structures, par-
ticularly for slender wings. The general method described
in this paper can be adapted to the study of aircraft response
to random gusts when the wing flexibility is a major con-
sideration. The transfer matrix technique employed herein
not only results in a neat presentation but also allows for
further extension to other structural configurations for
which the transfer matrices have been extensively explored.l, 2

Recently, this technique was used to determine the basic
dynamic characteristics of skin-stiffener panels,3 which are
typical in modern fuselage construction, and for which the
fatigue failure due to jet noise excitation is still an annoying-
problem. Thus the introduction of transfer matrix formula-
tion in random vibration analyses may also point toward a
new direction for better prediction of panel response to jet
noise.
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